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Abstract 

Interactions of relatively rotated Dp-branes in 1, 2, 3 and 4 angles in M(atrix) 
model are calculated and it is found to be in agreement with string theory calcula¬ 
tions. In 4 angles case the agreement is achieved after subtracting the contribution 
of the single chiral fermionic zero mode. 

M(atrix) model as a non-perturbative formulation of M-theory theory has activated a 
great effort in studies for hnding the unihed string theory. The model is the dimensional 
reduction of the 9-1-1 dimensional A/" = 1, U{N) SYM to 0-1-1 dimension. This theory has 
passed several checks [0. 

The aim of this letter is the calculation of interactions of rotated branes by the model 
and comparing them with the known results to provide a further test for this model. In 
summary we have found that the result of M(atrix) model calculation is in agreement with 
similar ones in string theory. In the more novel case of rotated 4-branes with four angles 
it is found that by removing the chiral fermionic zero mode in dehning the determinant 
one can recover the contribution R{—1)^ of string theory to get the correct result. 

Rotated D-branes are important due to their role in constructing conhgurations with 
different fraction of preserved supersymmetry Also in the 4 angles case they have 

been considered in the context of anomalous creation of fundamental strings 0. 0. B- 

The BFSS Lagrangian in units 27ra' = 1 is [^j 

L = ^Tr (ax,AX, + te^D^e + ^[X„X/ + r7,[0,X,]) , 

Dt* = dt*-i[Ao,*], i,j = l,...,9, (1) 
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where Xj and 6 are bosonic and fermionic SO{9) hermitian n x n matrices. The static 
classical equations of motion with Aq = 6 = 0 are 


( 2 ) 

i 

Every conhguration with [X^,X^] ~ 1 and with the other X’s vanishing are solutions of 

(D- 

Solutions which can be interpreted as Dp-brane have the form 

Xf = iB,,B2,...,B„0,...,0), < = 0 = 0 , ( 3 ) 

where Bi,..., Bp are n x n matrices with n large, with the commutation relations 

[Ba,Bb\ = icabl, a,b= 1,2,...,p. (4) 


By a proper rotation the anti-symmetric matrix Cab can be brought to the Jordan form 


^ 0 Ui 

—oji 0 


^ab 


V 






0 cvi 
-UJl 0 y 


( 5 ) 


where 21 = p = 2,4, 6, 8. 

These solutions can be represented by 


X2i-1 = «) ln2 ® ••• ® lni+1 ••• ® Inp 

X2i = ® ® ... ® ® Ini+i ® ••• ® Inp l>i (6) 

X* =0, i > 21 = p. 


where nin 2 ...ni = n and LAs are compactihcation radii, with commutation relations 


fejPj] Ini' 

The eigenvalues of q, p are uniformly distributed as 


ITTli TTUi 

— <q.,p.<^—. 


So the extension of solutions along Xj axis is Lj —>■ cx). Thus one can obtain 


[X2i-lT X2i\ — - - L2i-lL2iln, 0 < i < /, 

2'Kni 


( 7 ) 


and correspondingly 


nT 


- = ^ by rii ~ riT 


L2i-iL2i 2 nu). 
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The configurations with four rotation angles can be obtained from the block-diagonal 
matrices with two identical blocks describing a pair of Dp-branes. Translating along 
the {p -|- 5)-th axis by the distance r from each other and rotating in opposite directions 
through the angles ' 04 / 2 , " 03 / 2 , " 02/2 and ' 0 i/ 2 , we obtain the configuration of two rotated 
Dp-branes 


K' = 


X. 


cl 

p -3 


■\rcL _ 

^p-1 ~ 


\rcl 


X 


cl 

P+3 


X 


cl 

P+5 


Ba 0 
0 B„ 


, a = l,...,p-4, 


Bp_ 3 cos ^ 
0 

Bp_ 3 cos f 
0 

Bp sin ^ 

0 

Bp _2 sin ^ 


0 1 = I 0 

-Bp-SCOS^ / ’ P-2 ^ Q i?„_2COS^ 


Jp- 2 ~ 


^ I BpCOS^ 0 

p_i^wo 2 / ' ^ \ 0 Bp COS ^ } 


0 

S„_icos ^ 


0 

-Bp sin ^ 
0 


'ycL _ 

5 ^p+2 — 


cl I 5p_isin^ 


0 


yd _ 

5 ^p+4 


0 —-Bp -2 sin ^ J ' 0 

, < = Xf = 0, * = p + 6,...,9. 


p_loxxi 2 

0 --Bp_i sin ^ j ’ 
0 

--Bp _3 sin ^ 


-Bp _3 sin ^ 


^ n . 

2 ^1 /tcZ \rcl 


( 8 ) 


To calculate the one-loop effective action it is convenient to work with a compact form 
of (1) after the Wick rotation t ^ it and Aq —»• —iAo 

L = Wr A'„]2 + 0V|.V..»)) . 

/i, = 0,1,9, Xo = idt + Ao, (9) 


where sums are with Euclidean metric and 70 = —i. 

The one-loop effective action W with the backgrounds 6 = A^ = 0 was calculated in 
^|. In our notation the bosonic, fermionic and ghost contribution can be written as, 

W = - In (det-5(P+^, - 2tF^,) ■ det^+i + ' det{P^,)), ( 10 ) 

^ i=l ^ 

With P.* = [X/^ *], Fp, * = [/p„ *], = ^[X/^ X% 

^A = -+ + E^'and Po, = 0, (11) 

i=\ 

which the last equality is true for static configurations with A^ = 0 . 
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It is worth mentioning that the conhgurations with = 0 for all /x, u have vanishing 
quantum corrections due to the algebra 

W ~ rrhg(Pl) (y - ^ - 1) = 0. (12) 

By setting cui = ci;2 = ... = a; one hnds 


f2a—1,2a 
fp-3,p-2 

fp-2,p+4 

fp-l,p 

fp,p+2 


-o; ® 1, a = 1,— 2, 

IS — cos - 
2 

i’3 . ^4 


-U COS Y COS Y ® 1, /p-3,p+3 = COS y y ® cr3, 


u cos ^ 2 

'02 01 

—u cos Y cos Y ® 1) 

01 . 02 ^ 
OICOS Y ® ^3, 

otherwise /afe = 0, 


03 04 

0 - 3 , /p+ 3 ,p +4 = o; sm Y Sin Y ® 


r "*^2 . 01 ^ 

/p_i,p+i = -UJ cos Y sm Y ® C’‘3, 

01 02 

/p+i,p+2 = o; sin Y sin y ® 


(13) 


where <73 is the Pauli matrix. Then 

[Pp_3, Pp+3] = iuj cos Y sin Y ® ^3, 
[Pp_i, Pp+i] = iuj cos Y sin Y ® ^3, 


[Pp_2, Pp+4] = -iuJ cos Y sin Y ® ^3, 
[Pp, Pp+2] = -iuj cos Y sin Y ^3, 


otherwise Fab = 0, Pp+5 = 2 ® ^3, 

where S3* = [1 (81 a^, *]. S3 has 2, -2, 0 and 0 as eigenvalues. 
We dehne the following parameters for later conventions: 


rr o ^4 . 03 

Ui = 2a; cos — sm—, 
2 2 

TT O "*^2 . 01 

P3 = 2a; COS Y Sin Y’ 


rr o ^3 . 04 
(72 = 2a; cos — sm —, 
2 2 ’ 

Pa = 2a; cos — sm —. 


So one hnds for ( pT[) 

IT = - In 


det-0P,0 

xdef5(p2 - 2Pi)det-5(p2 + 2Ui) 
xdet-5(p2 - 2P2)det-5(p2 + 2P2) 
xdet-5(p2 - 2P3)det-5(p2 + 2 P 3 ) 

xdet“2(p2 _ 2P4)det“2(p2 _|_ 

1 ^ 

xdet(P^^) det2 (^4 + ^ P^i) 

i=l 


(14) 


(15) 


(16) 
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In the cases of our interest we have = c — number, and so P| and are 

simultaneously diagonalisable. 

1) Four angles 

The four angles case is allowed only for 4-branes, p = A = 21. Also in the four angles 
case the second term in m can not bring to the Klein-Gordon form because of the 
absence tenth 16 x 16 matrix which anti-commutes with all the y^’s. But an expansion 
for small r is possible and one hnds 


1 9 8 

- In det^ (a* + Pai) = -xTr ln(clt + Y Pili + -^979) = 

i=l ^ i=l 


(17) 


which the last trace is shown to vanish in the Appendix. 

The eigenvalues of can be read from (^). Zero eigenvalues of E3 will not have 
any contribution to the effective action because of (|^. The other two eigenvalues force 
(Fp_3,Pp+3), (Pp_2,Pp+4), (Pp_i,Pp+i) and (Pp, Pp+2) to behave as harmonic oscillators 
with their related frequencies to be read from (0- The eigenvalues of P| are 


E — r'^ + ql + 2Y^ Ua{ka + -), 

a=l ^ 


(18) 


with go as eigenvalues of idt, and ka as harmonic oscillator numbers. 

Using Schwinger’s time representation, one hnds the one-loop effective action W as, 


W = dt 


roo pq ,9 9 . °° 

.e-d'?o+»’ ) 


/o s 


fcl ,”*,fc4=0 


X 


2 - 1 - ^ 

Si,...,S4 = ±l 


a=l 


(19) 


where 81^2,3,4 are the eigenvalues of the commutative matrices i'yn, *782, *735, *764 re¬ 
spectively and the terms in the last bracket come from bosons and fermions respectively. 
In the above expression for W one can specify the contribution of a chiral fermionic zero 
mode dehned by 

Y ) ^0 = 0 , 

i=l ) 

for fci = ^2 = ^3 = ^4 = 0 and Si = S2 = S3 = S4 = —1 in (19) Q P, 

*By chirality we mean in the 8 dimensional subspace defined by the two 4-branes as 

(*7i7)(7782)(p35)(i764)6'o = = lil2l^lAlbl&nie,So = 79^0- 
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To calculate the one-loop effective action one should project out the contribution of 
the chiral fermionic zero mode |]^ to be done here as [] 

ds 


w' = w- (dt r 

J Jo s 

By putting a; << 1 one finds, 

ttw f 1 ds /7l\l 

IV' = dt — - 


( 20 ) 


X 


ELi COs{2'ljja) - 4 nLl cos ^|Ja + 4: flLl '•Pa + 

dnLisinV'a 


( 21 ) 


and finally 


W' = -2^ 


dt 


ELi cos(2^a) - 4 nLi cos -j/^g + 4 nLi 
4 nLi sin 


( 22 ) 


in agreement with string theory calculations 0 . 

The above interaction vanishes in -01 -1- -02 + V’s + V '4 = 0 {mod 27r) cases, signalling 
enhancement of SUSY. An equivalent result is obtained in by considering interactions 
of rotated Dp-branes, and in Q by studying the SUSY algebra for rotated M-objects. 

2) Three angles 

By putting -04 = 0 in ( 8 ) one finds the relevant configuration and commutation rela¬ 
tions for the 3 angles case. Again the 3 angles are accessible only for p = 4. 

The eigenvalues of can be read from ( 0 ). Zero eigenvalues of S 3 will not have 
any contribution to the effective action because of ( 0 )- As the four angles case one has 
harmonic oscillators with their related frequencies to be read from (|T^. The eigenvalues 
of are 


h^q.p,k = r^ + ql+pl cos^ ^ + 2 X! + ^)’ 

^ a=l,3,4 ^ 


(23) 


with go and pi as eigenvalues of idt and P 2 respectively, and ka as harmonic oscillator 
numbers. 

The one-loop effective action is given by (16) and using | 

- Indet^(^i -f ln(PA + (24) 

i=l ^ ^ 


one can calculate W 

ELi cos(2V>a) - 4nLi cos-0a 

cos^nLiSinV'a 

^The same is true for DO-DS-brane system studied in [ p^ . 

^Here equality is exact in contrast to (17) because at least one of PPs is zero. 




(25) 
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which is in agreement with string theory results |^. 

3) Two angles 

By putting -04 = -03 = 0 in ( 8 ) the eigenvalues of Pf are {21 = p) 


^q,p,k — + (ll + + Pi) + 2 X! Ua.{K + -)• 

i=l a=3,4 ^ 


( 26 ) 


where q and p’s are the eigenvalues of those P’s which do not behave as harmonic oscil¬ 
lators. After calculations similar to the above cases, for large separation between branes 
we hnd: 


sin '^2 sin'll \r^-p J 


(27) 


which is in agreement with string theory results |^. 

The above interaction vanishes in 'ip 2 = t/'i cases, signalling enhancement of SUSY 


ii- 

4) One angle 

By putting = -02 


0 one hnds the eigenvalues of P| as 


Pq,p,fc — + Qo + + pf) + cos^ '^qf 2U^{k^ + -). 

i=l 

For large separation between branes we hnd: 

Ul f . 2^’! 1 , 

fy ~ tan — sm-^-h • • •, 

2 2 r^-P 


again in agreement with string theory results |^, K 
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Appendix 

Here we calculate the trace appeared in (|T7|) . 

Tr( _^^ =Tr( _ — _ V 

V dtl9 + ELi Pa9% / V ELi Pili 2 ’ 

Multiplying the denominator and the nominator by —dt + J2^=i -^*7* using Schwinger’s 

time representation one hnds 


Tr 


79 


dt + ELi P^l^ 


= Tr(j9{-dt + Y,Pai)x / dsexp{-s[-d‘^ + P^ + - ^ Pp7p]} 

^ i=i “'0 ^ i,j=i 


The term proportional to —dt vanishes because it is an odd function with respect to the 
eigenvalues of dt in the trace. The next 8 terms containing yds give zero because they are 
multiplications of odd numbers of 7 matrices in the even number of 7 of exponential, by 
knowing 79 = 7 i 72737475767778 - 
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